
24 Natural Deduction

� . M : ⌧ Term M has type ⌧ in context �

� . M : ⌧ � . N : �
pair

� . hM,Ni : ⌧ ⇥ �

� . M : ⌧ ⇥ �
fst

� . fstM : ⌧

� . M : ⌧ ⇥ �
snd

� . sndM : �

�, u:⌧ . M : �
lam

� . (�u:⌧. M) : ⌧ ! �

u : ⌧ in �
var

� . u : ⌧

� . M : ⌧ ! � � . N : ⌧
app

� . M N : �

� . M : ⌧
inl

� . inl� M : ⌧ + �

� . N : �
inr

� . inr⌧ N : ⌧ + �

� . M : ⌧ + � �, u:⌧ . N1 : ⌫ �, w:� . N2 : ⌫
case

� . ( case M of inl u ) N1 | inr w ) N2) : ⌫

unit

� . h i : 1
� . M : 0

abort

� . abort⌫ M : ⌫

2.5 Exercises

Exercise 2.1 Prove the following by natural deduction using only intuitionistic
rules when possible. We use the convention that �, ^, and _ associate to the
right, that is, A�B�C stands for A�(B�C). A ⌘ B is a syntactic abbreviation
for (A � B) ^ (B � A). Also, we assume that ^ and _ bind more tightly than
�, that is, A^B�C stands for (A^B)�C. The scope of a quantifier extends
as far to the right as consistent with the present parentheses. For example,
(8x. P (x)� C) ^ ¬C would be disambiguated to (8x. (P (x)� C)) ^ (¬C).

1. ` A�B �A.

2. ` A ^ (B _ C) ⌘ (A ^B) _ (A ^ C).

3. (Peirce’s Law). ` ((A�B)�A)�A.

4. ` A _ (B ^ C) ⌘ (A _B) ^ (A _ C).

5. ` A� (A ^B) _ (A ^ ¬B).

6. ` (A� 9x. P (x)) ⌘ 9x. (A� P (x)).

7. ` ((8x. P (x))� C) ⌘ 9x. (P (x)� C).
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